In this paper, optimal investment strategies for defined contribution (DC) Pension, with extra contribution are studied. Our model permits the plan member to make a defined extra contribution, as provided in the Nigerian Pension Reform Act of 2004. The plan member is free to invest in risk-free asset, and in two risky assets. A stochastic differential equation of the pension wealth that takes into account certain agreed proportions of the plan member's salary, paid as contribution, and extra contribution towards the pension fund, is presented. The Hamilton-Jacobi-Bellman (H-J-B) equation, Legend transformation, and Dual theory are used to obtain the explicit solution of the optimal investment strategies for constant relative risk aversion (CRRA) utility function. We observed that the plan member will increase the proportion of his wealth to be invested in bond and stock and will reduce the proportion to be invested in cash.
Preliminaries
We start with a complete and frictionless financial market that is continuously open over the fixed time interval [0, T], for T > 0 representing the retirement time of a given shareholder.
We assume that the market is made up of risk free asset (cash) a zero coupon bond and risky asset (stock). Let ( ) , , F P Ω be a complete probability space
where Ω is a real space and P is a probability measure, equal to zero, we have a special case, as in [9] [10] . So under these dynamics, the term structure of the short interest rates is affine, which has been studied by [2] [7] [11] [12] .
Let ( ) S t denote the price of the risky asset and its dynamics is given based on a continuous time stochastic process at 0 t ≥ and the dynamics of the price process is described as follows ( ) ( ) ( 
n ) being constants (resp., positive constants) see [2] [4] [7] .
A zero-coupon bond with maturity T, whose price at time t is denoted by ( )
, , 0 B t T t ≥ , and
Its dynamics is given by the SDE below see [2] [4] ( ) ( ) (
B t T r t t T t r t W t t B T T B t T
where 
Based on the works of [1] [4] [7] [12] we denote the stochastic salary at time t by (t) which is described by ( )
where 3 2 , n n are real constants, which are two volatility scale factors measuring how the risk sources of interest rate and stock affect the salary. That is to say, the salary volatility is supposed to be a hedge able volatility whose risk source belongs to the set of the financial market risk sources. This is in accordance with the assumption [4] , but is differs from those of [1] [12] who also suggest that the salary was influence by non hedgeable risk source (i.e., non-financial market).
Also [7] assume that the instantaneous mean of the salary is such that 
G t r x E V X T r t r X t x
where t is the time, r is the short interest rate and x is the wealth. 
where ( ) L z is the Legendre dual of ( ) f x [13] . Since ( ) f x is convex, from theorem 3.1 we defined the Legendre transform
where Ĝ is the dual of G and 0 z > is the dual variable of x.
The value of x where this optimum is attained is denoted by ( )
The function h and Ĝ are closely related and can be refers to either one of them as the dual of G. These functions are related as follows
where ( )ˆ, , , , and relating to by
At terminal time, we denote
where H is the inverse of the marginal utility V and note that
At terminal time T, we can define ( ) 
Model Formulation
Here the contributions are continuously paid into the pension fund at the rate of 
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Substituting (1), (3) and (4) in (17) we have
B B S r r S S S W t W t r t u u n t e e L t t W t u u n W t W t u W t
Let the relative wealth be defined as follows
Applying product rule and Ito's formula to (19) and making use of (6) and (18) we arrive at the following equation 
Solving (24) and (25) simultaneously we have Differentiating Equation (30) for Ĝ with respect to z we obtain a linear PDE in terms of h and its derivatives and using ˆz x h G = = , we have ( ) 
We will now solve (31) for h and substitute into (33) and (34) to obtain the optimal investment strategies.
Explicit Solution of the Optimal Investment Strategies for the CRRA Utility Function
Assume the investor takes a power utility function ( )
The relative risk aversion of an investor with utility described in (37) is constant and (37) is a CRRA utility.
From (16) 
We assume a solution to (31) with the following form 
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Splitting (40) 
, e 1, 0 ,
e , e and e e
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Substituting (44) into (42), we have 2  1  2  2   2  1  2  1  2  2  2  2  2   2  2  2  1  2  2  1  2 
Hence the solution of (31) is given as ( ) 
T t S S S S
S e e l n n u n p p w observed that with stochastic salary, the optimal investment strategies for bond and stock increases with extra contribution while that of cash decreases with extra contribution. We also had case where we could not conclude on the behavior of the optimal investment strategy for bond with extra contribution. In general we observed that extra contribution to the pension fund has an effect on the optimal investment strategies in cash, bond and stock. The analysis shows that the plan member will increase the proportion of his wealth to be invested in bond and stock and will reduce the proportion to be invested in cash.
Conclusion
The optimal investment strategy for a prospective investor in a DC pension scheme, with stochastic salary, under the affine interest rate model has been studied. Relevant to this work, the CRRA utility function was used and we obtained the optimal investment strategies for cash, bond and stock using the Legendre transform and dual theory. More so, the effect of various parameters were analyzed, in particular, the effect of extra defined contribution was x-rayed, with significant input on the investment strategy.
